Proximity coupled spin-orbit quantum wires purportedly support midgap Majorana states at critical points. We show that in the presence of disorder these systems generate a second bandcenter anomaly, which is of different physical origin but shares key characteristics with the Majorana state: it is narrow in width, insensitive to magnetic fields, carries unit spectral weight, and is rigidly tied to the band center. Depending on the parity of the number of subgap quasiparticle states, a Majorana mode does or does not coexist with the impurity peak. The strong 'entanglement' between the two phenomena may hinder an unambiguous detection of the Majorana by spectroscopic techniques.
More than seven decades ago, the Majorana fermion was postulated as a neutral variant of the Dirac particle [1] . While the Majorana has never been observed in the canonical environments of particle physics, recent proposals [2] [3] [4] suggest a realization as a boundary state of one dimensional topological superconductors. The perspective to realize, and potentially apply topologically protected Majorana particles in condensed matter settings, has sparked a wave of theoretical [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and experimental [16] [17] [18] [19] activity.
Recently, three experimental groups have reported signatures of Majorana states in semiconductor quantum wires. In these experiments, proximity coupled semiconductor quantum wire purportedly hosting a Majorana particle are probed by tunneling spectroscopy. Evidence for the presence of the particle is drawn from the observation of a zero energy spectral peak. It has been verified that the presence of the peak hinges on parametric conditions necessary for the formation of a Majorana particle.
In this Letter we argue that the quasi one-dimensional quantum wires presently under consideration are prone to the formation of a second zero energy peak, caused by strong midgap quantum interference. The latter structure, here called (class D) spectral peak for brevity [20] , shares key universal signatures with the Majorana peak, to the extent that disentangling the two phenomena may be difficult: it is (i) tied to zero energy, (ii) affected by temperature, but not (iii) by magnetic field, (iv) relies on parametric conditions similar to those required by the Majorana, (v) carries unit spectral weight (a single quasi 'state'), (vi) is independent of other midgap structures, such as Kondo resonances or Andreev bound states, shows (vii) sensitivity to the parity of channel number, however, unlike the Majorana, (viii) relies on the presence of moderately weak disorder.
Qualitative discussion and main results. -To start with, let us qualitatively discuss the physics underlying the spectral peak. The spin orbit and proximity coupled quantum wires presently under discussion form a variant of a spinless superconductor, more precisely a system of class D [21] . At the critical configuration separating a topologically trivial and nontrivial state (which will be the habitat of the Majorana fermion if parameters are tuned in a space-like manner) the superconductor goes gapless. The presence of a Majorana particle signifies in a band center anomaly of the quasiparticle density of states (DoS). Quantum mechanically, the DoS at energy (relative to the system's chemical potential, µ) is given by ρ( ) = − 1 π dx Im tr(G + (x, x; )), where the Green
3 is a Pauli matrix in the superconductor particle hole (ph) space, and 'tr' is a trace over that space. Semiclassically, the matrix elements G pp (x, x; ) (or G hh (x, x; )) may be interpreted as return amplitudes of quasi-particles, in an environment governed by the Bogoliubov-de Gennes HamiltonianĤ of the system. Much like in a gapless superconductor [22] , the DoS in the proximity quantum wire is affected by the scattering of low energy excitations off spatial fluctuations of an order parameter amplitude, ∆. To understand the physics of this mechanism [21] , imagine a quasi-particle of energy emanating from the point x. The particle has the option to scatter off the order parameter ∆ into a quasi-hole of energy − , which by a second scattering process may get converted back to a particle returning to the point of origin. For low excitation energies, the particle and hole stretches involved in this process interfere constructively to give a robust (scattering phase insensitive) contribution to the return amplitude. Summation over repeated ph conversion processes generates an effective diffusion mode [21] dered metals. The increase of the effective quasi-particle gap away from the critical point confines the support of this mode to a small region in space -a disordered gapless superconductor 'quantum dot' -where it scales as ∼ δ/(2π ) ≡ s −1 , δ being the dot's effective level spacing. In disordered electronic systems, singularities of this type are generally cut off by the nonlinear 'self-interaction' of diffusion modes (weak localization turning into strong localization, or level repulsion being prominent examples of such nonlinearities). In the present context, similar nonlinearities lead us to the result
where N is the number of channels in the system, δ the average quasiparticle level spacing, ρ 0 ≡ δ −1 , and the δ-function is the contribution of the Majorana state. Multiple quantum interference multiplies the single diffusion mode by a phase factor ± sin(s), where the overall sign depends on the channel number parity. The ensuing profiles of the band center DoS are shown in the inset to Fig. 2 . Notice the superficially similar structures for even and odd channel numbers, while only in the latter case a genuine Majorana mode is present. For even channel numbers, a narrow width (∼ δ) peak is solely formed by class D diffusion modes. In either case, the anomalous contribution to the DoS integrates to the spectral weight
. This means that tunneling spectroscopy limited in resolution to scales larger than δ may not be able to unambiguously identify the Majorana state in situations where quantum interference is effective. An external loss of coherence, e.g. due to quasiparticle interactions, will suppress the class D peak, although a power law correction ∼ | | −1 to the density of states ρ( ) above an effective cutoff energy should remain visible. Finally notice how the phenomenon hinges on the presence of disorder: impurities render the low energy dynamics diffusive, and they provide the basis for the formation of an 'impurity band' of quasiparticles centered around the gap closing point in energy and space. However, we will argue below that even weak scattering τ −1 > ∼ δ suffices to generate the effect. The rest of the paper is devoted to a derivation of Eq. (1). We will also discuss physical bounds on the spatial extension of the impurity quantum dot, the relevant disorder strengths, and other system parameters.
Model. -Majorana states can be realized in different variants of class D topological superconductors. For definiteness, we here consider the case of a proximity coupled helical liquid [11] subject to a smoothly varying magnetic field. However, we will argue below that our main conclusions are not rigidly tied to this setup. A helical liquid is formed by a system of left-and right-moving fermions, ψ L,↑ ≡ ψ L and ψ R,↓ ≡ ψ R carrying spin up and down, respectively. (In the semiconductor setting, these modes form at the intersection of fermion bands shifted in momentum by strong spin-orbit interaction.) The coupling to a wire axis Zeeman field, B, and a proximity s-wave order parameter then generates the effective 
, and assuming reality of the order parameter, ∆ B, the HamiltonianĤ 0 assumes the form
where a summation over channel indices is implicit and the Pauli matrices act in LR-space. Notice that the matrix structure sandwiched by the η's is antisymmetric, which is the defining condition of a class D (no symmetries other than particle-hole symmetry) superconductor. The above representation makes the formation of a low-(η 0 ) and a high-energy sector (η 1 ) manifest. In the absence of perturbations, η 0,a represent Majorana modes which go massless at the critical point ∆ eff ≡ ∆ − B = 0. Throughout, we will assume a hierarchy of energy scales M ≡ B + ∆ ∆ eff , and on this basis we now turn to the discussion of perturbations, δĤ, toĤ 0 . Scattering between the low-and the high-energy sectorgenerated by fluctuations of the chemical potential, or imaginary contributions to the order parameter -affects the low energy theory by contributions of O(δH 2 /M )) and will be neglected throughout. By contrast, real fluctuations of the order parameter, or channel dependent differences in the field strength (indirectly generated by inter-channel spin-orbit coupling) couple within the low energy sector and have to be kept. We model such fluctuations in terms of a phenomenological ansatz ∆ eff = ∆ 0 (x) + W + V , where the first term describes a ramping of system parameters through a critical point at x = 0, where ∆ 0 (0) = 0 (cf. Fig. 2 ), W = {W ab } is a matrix containing deterministic contributions to the inter-channel coupling, and V = {V ab (x)} represents static disorder, here assumed to be Gaussian distributed,
Throughout we will limit our discussion to channels for which the low energy physics around x = 0 is disorder dominated, i.e. for which the random potential V > W masks the deterministic contribution. (If this condition cannot be satisfied by a multiplet of channels, we are down to N = 1. [23] ) σ-model. -Our focus throughout will be on regions close to x = 0 where the gap amplitude |∆(x)| < V is small enough for a class D impurity quantum dot to form. Such structures universally exhibit a zero energy spectral peak which we aim to explore quantitatively. To this end, we consider the supersymmetric functional integral D(ξ, ξ) exp(i dxξ( + −Ĥ)ξ), wherê
is the low energy (µ = 0) Hamiltonian, and ξ = {ξ C,α } andξ = {ξ C,α } are integration variables with complex (α = b) and Grassmann valued (α = f) components. The DoS can be obtained from the above functional by differentiation w.r.t. suitably introduced sources, which we make not explicit for notational simplicity. We next average the generating functional over V , decouple the ensuing term quartic in ξ by HubbardStratonovich transformation, and integrate over ξ, to obtain the action S[X,X] = [24] , we process the above action by a variational approach. Employing the polar ansatz, X =X = iλT ΛT −1 , where T are rotation matrices to be discussed momentarily and Λ is a diagonal matrix carrying real matrix elements ±1, we find that the modulus λ = λ(x) ≥ 0 is fixed by the variational equation λ(x) = γ 2 Im x|(iλ −Ĥ 0 ) −1 |x , which, upon substitution ofĤ 0 becomes a dp 2π
Here we have assumed the matrix ∆ eff V =0 ≡ {∆ a δ ab } diagonalized, and varying slowly enough in space for the functions λ(x) to adiabatically follow. Inspection of the equation shows that solutions exist if |∆ a | < N γ 2 /v F on average over a. In the limiting case of negligible channel dependence, ∆ a ∆ 0 , we readily obtain
, where τ −1 ≡ 2N γ 2 /v F is the golden rule scattering rate of the unperturbed spin-orbit quantum wire. The interpretation of G + 0 ( ) ≡ ( + −Ĥ 0 + iλ) −1 as an averaged Green function then yields ν = 2τ ν 0 λ for the (position dependent) DoS per unit length at saddle point level, where ν 0 = N/(πv F ). From this quantity, we generate the average DoS as ρ 0 = ν(x)>0 dx ν(x), where the integral is over the region of support of the local DoS, |∆ 0 (x)| < 1/2τ (cf. Fig. 3 .) In passing we note that for large energies | | τ −1 , the density of states assumes a form reminiscent of a smeared BCS profile to be discussed in more detail elsewhere [25] .
Turning to the saddle point matrix Λ, we note that, as with the standard σ-model [24] , the eigenvalue structure of the bosonic sector Λ bb = τ 3 is fixed by the pole signature of the Green function. However, in the fermionic sector we have a choice, Λ ff = ±τ 3 , an ambiguity intimately related to the formation of a Majorana peak [26] : in the limit of low energies, → 0, spatially uniform rotations Λ → T ΛT −1 ≡ Q leave the action invariant. The symmetries of our class D theory require [27] T bb ∈ Sp(2)/U(1), while T ff ∈ O(2)/U(1) Z 2 . This latter identity means that in the fermionic sector we have only two discrete symmetry transformations, T ff = 1 1, and T ff = τ 1 , where the latter acts by an exchange T ff τ 3 T −1 ff = −τ 3 of the diagonal saddle points. There are no continuous transformations T interpolating between Λ 1 and Λ 2 , which means that the saddle point manifold, M ≡ M 1 ∪ M 2 splits into two disjoint components, where M s , s = 1, 2 is generated by action of all transformations T with T ff = 1 1 on the saddle point Λ = Λ 1 ≡ τ 3 and Λ = Λ 2 ≡ τ 3 ⊗ σ bf 3 , resp.
We finally substitute slowly fluctuating configurations X → iλQ into the action and expand in small symmetry breaking contributions ∼ + Q and ∂Q. The expansion follows standard procedures [22, 24] and generates the effective action
where S par [Q] = Quasiparticle 'quantum dot'. -For energies < ∼ D /L 2 lower than the minimum excitation energy of spatially varying Q-fluctuations (L is the extension of the metallic domain λ > |∆ 0 |, and D is the typical value of the diffusion coefficient), the action is dominated by homogeneous modes Q = const. In this regime, the system truly behaves like a 'quantum dot', and the action collapses to
Here, S par is a topological term [26] which in the present context assumes the form
2 resp. Using the particle-hole symmetry of the spectrum, the latter expression evaluates to S par [Λ 2 ] = −iπN tot where N tot = a N a , and N a is the total number of states carried by mode a. While this number does not carry physical meaning by itself, exp(−S par ) = (−) Ntot responds only to the parity of N tot . Now, robust arguments show that N a = (2k+1) is generally odd [28] . This means that (−) Ntot = (−) N is susceptible to the parity of the number of channels. The DoS resulting from Eq. (2), computed in Ref. [26] by non-perturbative integration over M 1,2 , is given by Eq. (1).
While Eq. (1) has been derived for a specific model, the high degree of universality of the result -dependence on no parameters other than the ratio /δ -testifies to wider applicability. Generally speaking, we expect the result to hold provided δ < ∼ τ −1 ∆, i.e. the randomness hybridizing a number of levels of the clean system around the critical point x 0. This expectation is corroborated by the observation of similar spectral profiles for phenomenological random matrix models [21] .
(A straightforward numerical calculation indeed shows that peaks similar to (1) form already for two randomly coupled levels.) Finally, random spectra are notorious for their 'level rigidity', i.e. the weakness of sample-tosample fluctuations. Signatures of the anomaly in the ensemble averaged global DoS are therefore expected to show in both the sample specific global and local DoS.
Summarizing, we have shown that in the presence of even weak disorder, a Majorana peak in class D quantum wires will coexist with a spectral anomaly. The two phenomena share key universal features, are of comparable magnitude, and integrate to a spectral weight insensitive to the parity of the channel number. All this makes us speculate that disorder may be detrimental to an unambiguous observation of the Majorana particle by spectroscopic means.
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